We provide a sufficient condition on the production function under which eventually the most patient household owns the entire capital stock in every Ramsey Equilibrium, called the turnpike property. This generalizes the result in the literature which establishes the turnpike property using the capital income monotonicity condition. We then provide an example of a Ramsey Equilibrium in which the most patient household reaches a no capital position infinitely often. This is a strong refutation of the turnpike property on Ramsey equilibria. We also show that the constructed Ramsey equilibrium is inefficient in terms of the aggregate consumption stream that it provides.
Introduction
The "folklore result" on Ramsey equilibria is that eventually the most patient household owns the entire capital stock of the economy. The comprehensive survey paper by Becker (2006) points out that this result does not hold in general. In this paper, we revisit the issue of the ownership pattern of capital in the standard dynamic model of Ramsey equilibrium, and relate this with the issue of the possible inefficiency of Ramsey Equilibria.
In the literature on Ramsey equilibria, one says that a turnpike property obtains if every household other than the most patient one eventually reaches a no capital position and maintains that state thereafter. An example by Stern (1998) shows that without additional assumptions on technology and/or preferences, this turnpike property does not obtain. The general result on long-run behavior of Ramsey Equilibria that has been established by Becker and Foias (1987) is the following recurrence theorem: the no capital state is recurrent for every household other than the most patient one. That is, for every household other than the most patient one, it is the case that no capital is owned infinitely often.
A weaker property than the turnpike property (which we refer to as the "weak turnpike property") is that eventually the most patient household is never in a no capital position; that is, after at most a finite number of periods, the most patient household always owns some capital stock (although the household need not own the entire capital stock). The literature does not contain any result which says that this weaker turnpike property obtains for all Ramsey equilibria. However, all known examples 1 of Ramsey equilibria satisfy this weaker property. In a recent paper, Becker and Mitra (2012) show that if a Ramsey equilibrium satisfies the weak turnpike property then it satisfies the transversality condition of Malinvaud (1953) and is therefore intertemporally efficient (in terms of the aggregate consumption stream that it provides). This result provides a link between the ownership pattern of capital and the efficiency of Ramsey Equilibria; in particular, the result implies that when the turnpike property on the ownership of capital is satisfied, the Ramsey Equilibria must be efficient, even though the notion of a Ramsey equilibrium involves borrowing constraints, a possible source of inefficiency. Further, this result implies that in all the known examples of Ramsey equilibria in the current literature, Ramsey equilibria are efficient.
Asymptotic properties like the turnpike property and the weak turnpike property place restrictions on the Ramsey equilibrium path itself, and are in general hard to check, given the primitives of the model (specification of production and utility functions, and discount factors of agents). To overcome this problem, the approach taken in the literature has been to note that if the capital stock sequence along a Ramsey equilibrium path converges, then the turnpike property on the ownership pattern of capital holds (a result due to Becker and Foias (1987) ). One can then seek restrictions on the primitives of the model under which such a convergence property holds.
The basic result, following this approach, is that if capital income is monotone increasing in the capital stock (CIM), then the capital stock sequence along a Ramsey Equilibrium path must converge (Becker and Foias (1987) ). In this paper, we generalize this finding by focusing instead on the maximal income that a single agent can have. This is the capital income when the agent holds the entire capital stock plus the agent's wage income. We show that if this maximal income is monotone increasing in the capital stock (MIM), then the capital stock sequence along a Ramsey Equilibrium path must converge. Since an agent's wage income is monotone increasing in the capital stock (given the concavity of the production function), the maximal income of an agent is clearly monotone increasing if CIM holds. But, it can be monotone increasing in the capital stock even when CIM does not hold.
Among commonly used production functions, the capital income monotonicity condition is satisfied by the Cobb-Douglas production function. The maximal income monotonicity condition is satisfied, in addition, by a subclass of production functions with lower elasticity of substitution than the Cobb-Douglas case.
The above account sheds little light on the ownership pattern and efficiency of Ramsey Equilibria when MIM does not hold, or more generally, when the capital stock sequence along a Ramsey equilibrium path fails to converge. However, we do have some partial results in this direction. It is known that period two Ramsey equilibrium cycles can exist (Becker and Foias (1987) , Stern (1998) ); such cycles clearly violate the capital stock convergence property. Further, all such cycles can be shown to satisfy the weak turnpike property on the ownership pattern of capital, and are therefore efficient (Becker and Mitra (2012) ). In particular, this result shows that the weak turnpike property on the ownership pattern of capital and efficiency of Ramsey Equilibria can hold even when MIM is violated.
Beyond this result, our knowledge of the nature of Ramsey Equilibria is largely incomplete. It seems to us, given the above account, that a basic question that needs to be resolved is whether Ramsey Equilibria always satisfy the weak turnpike property. In this paper we settle this issue by providing an example of a Ramsey Equilibrium in which the most patient household reaches a no capital position infinitely often (in fact, periodically, since our example is of a period three cyclic Ramsey equilibrium), and the Ramsey Equilibrium is inefficient 2 . Our approach to constructing the example mentioned above is to first study the necessary conditions for an inefficient Ramsey equilibrium to occur. We expect these necessary conditions to be especially restrictive in the case of inefficient Ramsey equilibrium cycles. This can be helpful as it can pin down both the nature of the program as well as the required restrictions on the primitives (preferences, technology, discount factors) of the model.
In view of the Becker and Mitra (2012) result on period-two Ramsey Equilibrium cycles, we examine the necessary conditions for a period three Ramsey Equilibrium cycle to exist and be inefficient. The choice of period three is dictated by the observation that if an example can be constructed of an inefficient Ramsey equilibrium cycle, then an attempt to show this in the period three case will involve verifying a minimal number of Ramsey-Euler inequalities and feasibility conditions. Furthermore, and for the same reason, we confine ourselves to the case of two households.
The necessary conditions turn out to be clear-cut. The path can be of only one type, attaining a peak capital stock above the golden-rule, followed by a lower capital stock also above the golden rule, followed by a capital stock below the golden-rule. Further, there must be a complete switch of ownership of capital: the patient person must hold the entire capital stock when the capital stock reaches its peak. The less patient person must hold the entire capital stock in the very next period. The period in which the patient person accumulates the capital to its peak level must also be the period in which the patient person consumes the most. Similarly, the period in which the impatient person accumulates capital to go from a no capital position to owning the entire stock of capital must also be the period in which the impatient person consumes the most.
These conditions impose strong restrictions on the production function, but they are not inconsistent with the general assumptions placed on it. In particular, we make the observation that these conditions can be consistent with the standard assumptions on the production function if (a) the golden-rule consumption is sufficiently high compared to the golden-rule capital stock, and (b) the production function exhibits a sharp change as the capital stock crosses the golden rule level, with most of the income consisting of rental income for capital stocks below (and close to) the golden-rule stock, and most of the income consisting of wage income for capital stocks above the golden-rule stock.
There are also restrictions on discount factors that must hold. In particular, with the convention that the first household is the patient one, the discount factors δ i (for i = 1,2) must satisfy the restriction:
Furthermore, the impatient household's discount factor must be bounded above by a "universal constant"(that is, a number independent of the production and utility functions):
The example is constructed by choosing a production function for which the pattern of consumption and capital ownership described above will be feasible. The appropriate Ramsey-Euler equations and inequalities can then be verified by choosing the utility functions and discount factors suitably. The discount factor of the impatient household in the constructed example is considerably smaller than that given by (1) above. The choice of the utility functions and discount factors have to be such that the less patient person finds it worthwhile to save out of wage income when the capital stock achieves its peak level and exhibits its smallest marginal product.
The inefficiency of the Ramsey Equilibrium occurs because of the fact that the compound (or geometric) returns to capital investment are negative over longer and longer horizons. The negative returns to capital investment takes place because the aggregate capital stock exceeds the golden-rule stock infinitely often (in two of the three periods in each cycle). The implied shadow prices of capital satisfy the well-known Cass criterion (Cass (1972) ) for inefficiency.
It is worthwhile to point out that in a recent paper, Mitra and Sorger (2013) have shown that in a continuous time version of our model the most patient household owns the entire capital of the economy after some finite time in every Ramsey Equilibrium. Further, they demonstrate that every Ramsey Equilibrium in their model is intertemporally efficient. The striking difference in the results in their paper from ours appears to arise entirely from the difference in the modeling of time. We intend to explore this issue further in future research.
Criteria for Efficiency
Production takes place using a single capital good. The productive technology turns labor and capital goods into a composite good that can be either consumed or saved as next period's capital input. The amount of labor is fixed in this economy (there will be one unit of labor services per household and all labor services are assumed to be identical). The technology is summarized by a production function, denoted by f . Let y = f (k) denote the composite good y produced from a fixed amount of labor (whose value is suppressed in the notation), together with a nonnegative capital input k. Capital is assumed to depreciate completely within the period. Hence, the model is formally one with circulating capital that is consumed within the production period. The output y is available for consumption or capital accumulation with a one-period lag. The formal properties of f are recorded as Assumption I.
on R ++ , with f ′ > 0 and f ′′ < 0 on R ++ , and lim k→0 f ′ (k) = ∞,lim k→∞ f ′ (k) = 0. This assumption implies there is a maximum sustainable capital stock, denoted by B,
The capital stock sequence
The capital stock program and corresponding consumption programs are feasible if K 0 = k 0 > 0, where k 0 is the given starting stock. Assumption I implies that if the initial aggregate capital stock k 0 is smaller than B, then all nonnegative sequences of consumption and capital satisfying the balance condition, 
These prices are also the ones implied or derived from {K t }. Note that such a price sequence has the property (given f is concave):
This is the period-wise (or intertemporal) profit maximizing condition. The prices defined in this manner are strictly positive as K t > 0 for each t.
In general, a sequence {K t , p t } is intertemporal profit maximizing if {K t } is a feasible capital program starting from k 0 > 0, {p t } is a non-null, nonnegative price sequence, and (3) obtains for each t ≥ 0.
Starting with Malinvaud (1953) many authors have shown a close connection between shadow prices and ascertaining whether or not the underlying feasible program is efficient. We note two basic results below.
The Malinvaud Sufficiency Theorem (Malinvaud (1953) 
It is sufficient to verify p t → 0 as t → ∞ for the models appearing in this paper. The complete characterization result of Cass (1972) is Theorem 2. Assume f satisfies AI. Let {K t } be a feasible program from k 0 > 0, satisfying:
and let {p t } be the associated price sequence defined by (2). Then, {K t } is inefficient if and only if
The Ramsey Equilibrium Model
The general complete market competitive one-sector model treats budget constraints as restricting the present value of an agent's consumption to be smaller than or equal to the agent's initial wealth defined as the capitalized wage income plus the present value of that person's initial capital. This allows us to interpret the choice of a consumption stream as if the agent is allowed to borrow and lend at market determined present value prices subject to repaying all loans. Markets are complete -any intertemporal trade satisfying the present value budget constraint is admissible at the individual level. The Ramsey equilibrium model changes the budget constraint from a single one (reckoned as a present value) to a sequence, one for each period. Agents are forbidden to borrow against their future labor income, so they cannot capitalize the future wage stream into a present value. Markets are incomplete; individuals are debt constrained. The operation of a borrowing constraint in the individual household problems also breaks the possibility of an equilibrium allocation arising as the economy's Pareto optimal allocation.
The Basic Model
There are H ≥ 1 households indexed by h = 1,⋯,H. There is a single commodity available for consumption or investment at each time. At time zero, households are endowed with capital stocks
t denote the consumption and capital stock of household h at time t.
Agents preferences assume time additively separable utility functions with fixed discount factors. Household h has felicity function u h ; c h t is the argument of u h . Household h discounts future utilities by the factor δ h with 0 < δ h < 1. Hence, the household's lifetime utility function is specified by
Assumption II: For each h, u h ∶ R + → R is continuous, increasing and concave on R + and C
We focus on the case where the first household's discount factor is larger than all the other households' discount factors. Assumption III orders households from the most patient to the least patient.
Assumption III:
Production takes place using a single capital good as set out in Section 2. Assumptions I-III are maintained for the remainder of this paper and sometimes referred to as (AI)-(AIII). If H = 1, then the Ramsey equilibrium model coincides with the standard optimal growth problem. We assume H ≥ 2 in the sequel.
The Households' Problems
Let {1 + r t ,w t } be a sequence of one period rental returns and wage rates, respectively. The sequences {1 + r t ,w t } are always taken to be nonnegative and nonzero. Households are competitive agents and perfectly anticipate the profile of factor returns {1 + r t ,w t }. Given {1 + r t ,w t }, h solves
by choice of nonnegative sequences {c
The market structure of this model requires capital assets to be nonnegative at each moment of time and that agents without capital cannot borrow against the discounted value of their future wage income.
The No Arbitrage or Euler necessary conditions for {c
If x h t > 0, then the inequality in (8) can be reversed resulting in the Euler equation:
The corresponding transversality condition is:
which also implies lim
The Production Sector's Objective
All the intertemporal decisions are taken in the household sector. Producers are supposed to take the rental rate as given and solve the following myopic profit maximization problem P(F) at each t:
by choice of x t−1 ≥ 0. The residual profit is treated as the wage bill. It is shared equally by the identical households as wages -production is worker owned. If 0 < 1+r t < ∞, then (AI) implies there is a unique positive stock K t−1 which solves P(F) at each
furthermore, the corresponding {w t } is positive and is defined by
The Ramsey Economy and Its Equilibrium Concept
satisfying Assumptions I-III, and for which
is said to be an economy. The economy always has a positive aggregate capital stock and at least one agent will always possess some capital at time zero.
The equilibrium concept is perfect foresight. Households perfectly anticipate the sequences of rental and wage rates. They solve their optimization problems for their planned consumption demand and capital supply sequences. The production sector calculates the capital demand at each time and the corresponding total output supply. Rents are paid to the households for capital supplied and the residual profits are paid out as the total wage bill. An equilibrium occurs when the households' capital supply equals the production sector's capital demand at every point of time. A form of Walras' Law implies that the total consumption demand and supply of capital for the next period equals current output. Thus, in equilibrium, every agent is maximizing its objective function and planned supplies equal planned demands in every market.
The output market balance follows by combining (E1) -(E4):
Note that equilibrium consumption and capital sequences are bounded from above by the maximum sustainable stock. The assumed conditions for households and the producer imply that in an equilibrium c h t > 0 and K t−1 > 0 for each t, given that k 0 is positive, and each agent's income,
Moreover, at least one household's capital stock is positive at each time along an equilibrium profile.
Given an equilibrium path, the corresponding aggregate capital sequence and consumption sequence are defined by the formulas K t = ∑ 
Properties of Ramsey Equilibria
A Ramsey equilibrium program is stationary for the economy E provided the equilibrium wage rate, rental rate, the aggregate capital stock, and the allocations of capital and consumption are constant over time. Becker (1980) proves the existence of a unique stationary equilibrium in which only the most patient household has capital -all other households have none and live off their wage incomes.
Let K δ 1 be the unique solution to the equation f ′ (k) = (1/δ 1 ). This capital stock is the first household's capital and the stationary aggregate capital stock in the stationary equilibrium solution. Stationary aggregate consumption is found at each time by adding the economy's wage bill to the rental income received by the most patient household.
General properties of equilibrium paths found under Assumptions I-III are briefly summarized below. Fix the economy E meeting Assumptions (I-III).
(P1) Equilibria exist 3 .
This Recurrence Theorem is the most general result in the literature on the properties enjoyed in a dynamic Ramsey equilibrium. It tells us households h ≥ 2 achieve the zero capital state infinitely often. There are equilibria where agents more impatient than the first hold capital infinitely often. See Stern's example in Becker (2006) .
The turnpike property obtains if every h ≥ 2 eventually reaches a no capital position and maintains that state thereafter. That is, there is some S ∈ N such that for each h ≥ 2, x h t = 0 for all t ≥ S. Stern's example implies that the turnpike property does not hold for all Ramsey Equilibria.
(P3) For each equilibrium, limsup
This result does not exclude the capital sequence from exceeding the Golden-Rule capital stock, K g , infinitely often, where K g is defined as the solution to f ′ (k) = 1.
(P4) Each household's consumption is bounded away from zero along an equilibrium path. That is,
Property (P4) implies no agent consumes zero or even approaches zero consumption asymptotically. This result distinguishes the Ramsey model with borrowing constraints from its complete market general equilibrium counterparts.
Convergence and the Turnpike Property
We have noted above that the turnpike property on the capital ownership pattern does not always hold for Ramsey Equilibria. However, if the capital stock sequence along a Ramsey equilibrium path converges, then the turnpike property on the ownership pattern of capital holds, a result due to Becker and Foias (1987) .
3 See Becker et al. (1991) for general existence theorems that apply to the additive separable utility cases in this paper, as well as for broader recursive utility specifications.
4 See Becker and Foias (1987) . 5 A formal proof of this fact is available on request from Robert Becker as a Technical Appendix.
Given this result, one can seek restrictions on the primitives of the model under which the capital stock sequence is convergent for Ramsey Equilibria. When the production function satisfies a capital income monotonicity condition, it is known (see Becker and Foias (1987) ) that the capital stock sequence along every Ramsey Equilibrium path is convergent. The capital income monotonicity (ii) there is S ∈ N such that for every h ∈ {2,⋯,H}, x h t = 0 for all t ≥ S.
In this subsection, we establish the result that under a maximal income monotonicity condition on the production function, the capital stock sequence is convergent, and consequently the turnpike property holds. The maximal income monotonicity condition generalizes the capital income monotonicity condition.
The maximal income that a single household can receive in a period, in which the initial capital stock is K > 0, is given by:
H .
This happens when that household owns the entire initial capital stock K in that period. The maximal income monotonicity (MIM) condition is
Since
Thus, if the capital income monotonicity condition holds, then certainly (MIM) holds. However, (MIM) can hold even when (CIM) fails.
Our approach is to look at the implications of non-convergence of capital stocks along a Ramsey Equilibrium path. Specifically, we note that if the capital stock exceeds K δ 1 for a subsequence of periods, then among these periods there must be one where the capital stock attains a "local maximum".
Then there is N ∈ N such that:
Becker and Foias (1990) call condition (MIM) the Income Monotonicity Condition. They introduce the condition to study the dynamics of a Ramsey Equilibrium which satisfies the turnpike property, and show that when (MIM) holds, then the dynamics will be characterized by monotonic convergence. Thus, in their analysis, after a finite time period, M(Kt ) is the income of the first household, so the term Income Monotonicity is natural in that context. We do not assume the turnpike property; we use condition (MIM) to establish the turnpike property. So, we use the term maximal income monotonicity instead, since M(K) need not actually represent the income of any particular household (at least until the turnpike property has been established).
(
If the production function satisfies (MIM), then it rules out precisely this kind of "local maximum". 
Combining these two results, it follows that, under condition (15), either a Ramsey Equilibrium path is (i) convergent, or (ii) its capital stock sequence is eventually always less than or equal to K δ 1 . However, the latter scenario itself also implies convergence, as can be verified easily from the Euler inequalities. 
Comparison of Conditions CIM and MIM
The difference between the (MIM) and (CIM) conditions can be expressed conveniently in terms of the second elasticity of the production function, f (K).
Define G(K) = f ′ (K)K for K > 0, and note that:
where:
is the second elasticity of the production function. Thus, (CIM) holds if and only if:
On the other hand, defining
Thus, (MIM) holds if and only if:
Since f (K) is a reduced form production function, derived from a constant returns to scale production function F(K,L) on capital and labor, the second elasticity of f can be related to the elasticity of substitution (σ(K)) of F through the formula:
In Appendix C, we provide an example of an approximate CES production function satisfying the (MIM) condition. It is worth observing that when H = 1, (MIM) clearly holds, so that the well-known result on the convergence of capital stocks along an optimal path, in the Ramsey-Cass-Koopmans representative agent model, can be viewed as a special case of Theorem 4 above. This suggests that (MIM) is perhaps the best general condition on the production function ensuring convergence of capital stocks along a Ramsey Equilibrium in our model.
Weak Turnpike Property and Efficiency
The study of the capital ownership pattern along a Ramsey Equilibrium path focuses, as we have seen, on the turnpike property. While the efficiency of Ramsey Equilibria appears to be linked to the capital ownership pattern, it seems to be more directly related to the weak turnpike property. The principal result on this issue is the following one, due to Becker and Mitra (2012) .
Theorem 5. Let {1 + r t ,w t ,K t−1 ,c h t ,x
h t−1 } be a Ramsey equilibrium, which satisfies the property that there is S ∈ N, such that
Thus, any Ramsey Equilibrium path which satisfies the weak turnpike property is always efficient. And, by Theorem 3, any Ramsey Equilibrium path along which the capital stock sequence converges is efficient. However, Theorem 5 also applies to Ramsey Equilibria for which the capital stock sequence does not converge. One naturally thinks of a period-two cycle as the simplest example of non-convergence. And, it is of interest to note that every period two Ramsey Equilibrium cycle is efficient, because any such cycle can be shown to satisfy the weak turnpike property.
A In particular, in Stern's example, reported in Becker (2006) , there is a period two Ramsey Equilibrium cycle, in which the turnpike property on the capital ownership pattern is violated, since the impatient household holds capital in alternate periods. But, since the patient household holds capital in all periods, the weak turnpike property holds, and the Ramsey Equilibrium is efficient.
Inefficient Ramsey Equilibrium
The results reported in the previous section indicate that a basic unresolved question is whether Ramsey Equilibria always satisfy the weak turnpike property. We settle this issue by providing an example of a Ramsey Equilibrium in which the most patient household reaches a no capital position infinitely often (in fact, periodically, since our example is of a cyclic Ramsey equilibrium), and the Ramsey Equilibrium is inefficient.
Period Three Inefficient Ramsey Equilibrium: Necessary Conditions
Our approach to constructing the example mentioned above is to first study the necessary conditions for an inefficient Ramsey equilibrium to occur. We expect these conditions to be especially restrictive in the case of inefficient Ramsey equilibrium cycles. This can be helpful as it can pin down both the nature of the program as well as the required restrictions on the primitives (preferences, technology, discount factors) of the model.
In view of the Becker and Mitra (2012) result on period-two Ramsey Equilibrium cycles, we examine the necessary conditions for a period three Ramsey Equilibrium cycle to exist and be inefficient. The choice of period three is dictated by the observation that if an example can be constructed of an inefficient Ramsey equilibrium cycle, then an attempt to show this in the period three case will involve verifying a minimal number of Ramsey-Euler inequalities and feasibility conditions. Furthermore, and for the same reason, we confine ourselves to the case of two households. We consider a model specified by 
Period Three Inefficient Ramsey Equilibrium: An Example
Taking into account the restrictions provided in Proposition 2, we now construct an example of a period-three Ramsey equilibrium cycle which is inefficient; as indicated already in the proposition, the equilibrium has the feature that the patient household owns no capital periodically. The production function in the example is not smooth, but it can be smoothened out while preserving all its features.
Production
The production function is defined in four parts as follows: Let a > 1 > b > d > 0 be such that abd < 1 and θ > 0. We choose c = 1 4a and µ = 1 4a 2 = 4c 2 to ensure that f is continuous at µ and the derivative of f exists at µ.
In what follows, we assume the following parameter values, a = 175,b = 
We check the following steps.
(a) We have f (0) = 0, and f To summarize, f (0) = 0, f is continuous, strictly increasing and concave ( f ′ + (x) is non-increasing for all x > 0). Further, we have f ′ (x) → ∞ as x → 0, and f ′ (x) = 1 36 < 1 for all x > 41. In particular, feasible programs from any given initial stock are bounded above.
Program
We define:
We can then check the following steps. 
Then, we have the corresponding consumption sequence defined by:
and c 
and c (17) and (18) that:
Preferences
For household 1, define u 1 ∶ R + → R as an increasing, concave function on R + , differentiable on R ++ , with u ′ 1 (c) → ∞ as c → 0, and:
Given (19)(i), such a utility function can be constructed. Define the discount factor δ 1 = 9 10 . For household 2, define u 2 ∶ R + → R as an increasing, concave function on R + , differentiable on R ++ , with u ′ 1 (c) → ∞ as c → 0, and:
Given (19)(ii), such a utility function can be constructed. Define the discount factor δ 2 = 1 200 .
Ramsey-Euler Conditions
We can check that the Ramsey-Euler conditions hold for household 1. Since x 1 T > 0, we need to verify that (9) holds between periods T and T + 1. This is seen as follows.
.
Since x 1 T −1 > 0, we need to verify that (9) holds between periods T − 1 and T . This is seen as follows.
Finally, since x 1 T +1 = 0, we need to verify that the Ramsey-Euler inequality holds between periods (T + 1) and (T + 2). This is seen as follows.
Similarly, we can check the Ramsey-Euler conditions hold for household 2. Since x 2 T +1 > 0, we need to verify that (9) holds between periods T + 1 and T + 2. This is seen as follows.
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Since x
2 T = 0, we need to verify that the Ramsey-Euler inequality holds between periods T and T +1. This is seen as follows.
Finally, since x 2 T −1 = 0, we need to verify that the Ramsey-Euler inequality holds between periods (T − 1) and T . This is seen as follows.
This completes the demonstration that the defined program constitutes a Ramsey Equilibrium, and that it is a period-three cycle.
Inefficiency
We cannot use the Cass criterion (6) to demonstrate the inefficiency of the defined program, since the production function f does not satisfy the smoothness conditions used in the theorem of Cass (1972) . However, we note that:
and that the defined program takes on its capital stock values in the interiors of the three flat sections. Thus, we can follow the basic lemma of Cass (1972, p. 204-205) to demonstrate that the defined program is inefficient. The complete proof is provided in Appendix D.
Conclusion
The introduction of the Maximal Income Monotonicity (MIM) condition broadens the class of Ramsey equilibrium models whose equilibria are efficient. Our example of inefficiency shows that some Ramsey equilibria can be inefficient in the absence of a condition such as MIM. Of course, this immediately implies that the equilibrium profile in our inefficiency example fails the first welfare theorem -a fact that is not surprising on the general grounds that the economy's dynamics are restricted by borrowing constraints. The much more interesting problem is that it also implies that an equilibrium program can fail to be second best even though we do not yet have a formal definition of second best Pareto optimality. Indeed, any reasonable notion of second best Pareto optimality must be consistent with the underlying capital accumulation satisfying the efficiency criterion.
7 Appendix: Proofs
A Proof of Theorem 4
Proof. of Lemma 1: Since {K t−1 } is not convergent, we have:
Since there is a subsequence of periods for which
This completes the proof of the Lemma.
Proof. of Lemma 2: Suppose the condition
Thus, for each h ∈ Γ, we get c h N+1 ≤ c h N , and this can be written as:
Summing (A.3) over all h ∈ Γ, we obtain:
By definition of Γ, we must have ∑ h∈Γ x h N = K N , so that (A.4) can be written as:
So, (A.5) yields: (A.6) implies that:
Using the Ramsey-Euler inequality for household 1, we get,
Thus, we must have, c 1 t+1 ≥ c 1 t for all t ≥ T. This implies that {c 1 t } must converge to some c ′ > 0, and using this in (A.12), we have
On the other hand, by (A.11), we have
Thus, liminf
But this means that {K t } is convergent, a contradiction. This establishes (i). Using (i), we see that (ii) follows from Theorem 3. This establishes the Theorem.
B Proof of Proposition 2
The following Lemma will be useful for the proof of Proposition 2.
Lemma 3. On any period three Ramsey equilibrium which is inefficient, the following capital stock ownership pattern must hold:
Proof. As a preliminary observation, we note that:
By the criterion of Cass (1972) , the Ramsey Equilibrium path must then be efficient, a contradiction.
Also, denoting the solution of δ 2 f ′ (k) = 1 by K, and noting that the path is periodic, we have (by Proposition 2 of Becker and Foias (1987) ):
If the conditions of the lemma do not hold, then consider the case where x 1 T = 0, i.e., when the capital stock is at its maximum level, the patient agent does not hold any capital. In this case,
and
Further, by the choice of K T = M, we have, (B.6) so that:
We have from (9):
Thus, using (B.8) and (B.3) we have: c
So, by using (B.4), (B.5), (B.6), (B.7) and (B.9) we must have:
By periodicity and the recurrence theorem, we must also have:
Since x 2 T −1 > 0, we have from (9):
Using (B.3), we get:
Thus, using (B.10) and (B.11) we have: c
Combining (B.9) and (B.12), we obtain:
T +1 = 0, we have:
and since x 2 T +1 = 0, we also have:
(B.14)
But, using the fact that: (B.16) and
so that:
Thus, (B.16), (B.17) and (B.18) imply: c
Using (B.2), we get:
Combining (B.20) and (B.21), we have:
which contradicts (B.19). Thus sub case (a) cannot arise.
(b) In this sub case x 1 t > 0 for all t ≥ 0. Then, we have from (9):
Using the price sequence {p t } defined by (2), we obtain from (B.22), for all τ ≥ 1, (I) Observe that agent 2 holds positive capital stock in periods T − 1 and T . Then, by the recurrence theorem, we must have x 2 T +1 = 0. Using (9) for household 2, we get:
Using property (B.3), we obtain: 25) and:
In this case, we use (9) for household 1 to get:
By (B.2), we have δ 1 f ′ (K T ) < 1, and so (B.27) yields:
and: The discussion of all the cases above leaves us with the sub case (d). Hence for a period three Ramsey equilibrium to be inefficient, it is necessary that the conditions of the Lemma hold.
Proof. of Proposition 2: Using Lemma 3, we know that (B.1) holds for any period three inefficient Ramsey equilibrium. We employ the two Euler equations (9) for household 1 (using x 1 T > 0 and
T −2 = 0, we have: 32) and:
Using (B.32) and (B.33), we infer: c
Using (B.34) and (B.31), we obtain:
Using (B.2) and (B.35), we get:
Thus, we must have:
Using (B.35) again, we have: B.37) and by the Cass criterion (6) of inefficiency, we must have:
Using (B.38) in (B.37) yields: 
T +1 = 0 by Lemma 3), so that by the recurrence theorem we have: 42) and the two Euler equations (9) for household 2 yield:
We note that, having established (a), (B.45) can be strengthened to read:
so that we have a strengthened version of (B.46):
To establish part (c) of the Proposition, we use (B.39) and (B.44) to infer that:
Then we use (B.35) and (B.48) to obtain:
By observation (B.3) we also have:
Combining (B.49) and (B.50), we obtain:
which establishes part (c) of the Proposition. To prove part (d), we note that since
we can employ (9) for household 1 to get:
This yields: c
Thus, combining (B.34) and (B.51), we obtain:
To establish part (e), we make an observation about the aggregate consumption in periods T and T + 1,
C Example of Production Function satisfying MIM
Consider the class of CES production functions given by
where A > 0, α ∈ (0,1) and ρ > 0. In this case the (constant) elasticity of substitution is given by:
The Cobb-Douglas production function is obtained as a limiting case by letting ρ → 0, and so σ → 1.
Since each household supplies one unit of labor, we can define the function g(K) as:
so that we have, for all K > 0,
where a ≡ A −ρ α and b ≡ A −ρ (1 − α)H −ρ . Note that as K → 0, we have g(K) → 0. So, we can define g(0) = 0 and preserve continuity of g on R + . The difficulty is that g ′ (K) is bounded as K → 0. While one can ensure that the marginal product is very high for K near 0 (by taking A large), one does not know whether the existence of a Ramsey Equilibrium can be ensured from every positive initial capital stock, and initial ownership pattern of the capital stock.
So, we consider (instead of CES) the approximate CES production function, given by:
where θ ∈ (0,1), and s(K) is a (reduced-form) function,
obtained from the Cobb-Douglas production function, with B > 0 and β ∈ (0,1). Then, f satisfies all the maintained assumptions of our basic framework. For θ ≈ 1, f is an approximate CES function. Note that we have:
Thus, we have:
(1 − θ)s ′ (K)
We show that the capital stock sequence {K ′ t } (described below) is feasible from k 0 and dominates {K t } as it provides higher aggregate consumption in period 1 and same aggregate consumption in all the remaining periods. We take ε = 
